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ABSTRACT

We address the connectivity of large-scale ad hoc cognitideo
networks, where secondary users exploit channels temlyonad
locally unused by primary users and the existence of a corimun
cation link between two secondary users depends not onlj@n t
distance between them but also on the transmitting andwiagei
activities of nearby primary users. We introduce the cohaép
connectivity regiordefined as the set of density pairs — the den-
sity of the secondary users and the density of the primanstra
mitters — under which the secondary network is connectethdJs
theories and technigues from continuum percolation, wéytina
cally characterize the connectivity region of the secopdatwork

by showing its three basic properties and analyzing its wit@al
parameters. Furthermore, we reveal the tradeoff betweamsdirpity
(the number of neighbors) and the occurrence of spectrurorapp
nities by studying the impact of the secondary users’ tréssion
power on the connectivity region of the secondary netword a
design the transmission power of the secondary users tammaxi
their tolerance to the primary traffic load.

Categories and Subject Descriptors

H.1.0 Information Systemsg: Models and Principles-General
F.0 [Theory of Computation]: General

General Terms

Algorithms, Design, Theory

Keywords

Cognitive radio, connectivity, continuum percolation

1. INTRODUCTION

The basic idea of opportunistic spectrum access (OSA) is to
adopt a dynamic and hierarchical structure for spectrumirgha
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and interference management. Specifically, a secondaworiet
is overlaid with a primary network, where secondary usees-id
tify and exploit temporarily and locally unused channelshaut
causing unacceptable interference to primary users [18].

1.1 Connectivity and Connectivity Region

While the connectivity of homogeneous ad hoc networks con-
sisting of equal-priority users has been well studied ($aeex-
ample, [1-3, 6, 12, 13)), little is known about the connattiof
large heterogeneous networks with interdependent, ictieea and
hierarchical network components with different priostisuch as
cognitive radio (CR) networks. The problem is fundamentdlif-
ferent from its counterpart in homogeneous networks. Itiqaar,
the connectivity of the low priority network component degds on
the characteristics (traffic pattern/load, topology, fifgeence tol-
erance, etc.) of the high priority component, thus creasimguch
more diverse and complex design space.

Using theories and techniques from continuum percolatio,
analytically characterize the connectivity of large-scadl hoc CR
networks. Specifically, we consider a Poisson distributed sec-
ondary network overlaid with a Poisson distributed primageg-
work in an infinite two dimensional Euclidean spac#Ve define
network connectivitgs the existence of an infinite connected com-
ponent almost surely (a.si)e., the occurrence of percolation. We
say that the secondary network is strongly connected whammit
tains auniqueinfinite connected component a.s.

Due to the hierarchical structure of spectrum sharing, ancom
nication link exists between two secondary users if theofiaithg
two conditions hold: (C1) they are within each other’s trais
sion range; (C2) they see a spectrum opportunity determyed
the transmitting and receiving activities of nearby priynasers
(see Sec. 2.2.1). Thus, given the transmission power aridtére
ference tolerandeof both the primary and the secondary users, the
connectivity of the secondary network depends on the deosit
the secondary users (due to (C1)) and the traffic load of tinagpy

1The notions of cognitive radio networks and secondary netsvo
are used interchangeably in this paper.

2This infinite network model is equivalent in distribution tioe
limit of a sequence of finite networks with a fixed density as th
area of the network increases to infinitg., the so-callecxtended
network[10]. It follows from the arguments similar to the ones
used in [4, Chapter 3] for homogeneous ad hoc networks tigt th
infinite ad hoc CR network model represents the limiting véra

of large-scale ad hoc CR networks.

3The interference tolerance of users is defined as the maximum
allowable interference power received by a user such tleatisler
can successfully decode the message transmitted by anstreat
the farthest distanceé.€.,the transmission range) to the receiver.



users (due to (C2)).

We thus introduce the concept odnnectivity regiorC, defined
as the set of density paifs\s, Apr) under which the secondary
network is connected, wherks denotes the density of the sec-
ondary users and pr the density of primary transmitters (rep-
resenting the traffic load of the primary users). As illusdain
Fig. 1, a secondary network with a density p@irs, Apr) inside
this region is connected: the network has a “giant” conrtecten-
ponent which includes infinite secondary users. The existerfi
the “giant” connected component enables bidirectional roami-
cations between distant secondary users via multihopirgja®on
the other hand, a secondary network with a density P&jt A pr)
outside this region is not connected: the network is sepdriato
an infinite number ofinite connected components. Consequently,
any secondary user can only communicate with users witfim-a |

Figure 1: The connectivity region C (the upper boundary
Apr(As) is defined as the supremum density of the primary
transmitters to ensure connectivity with afixed density of the
secondary users; the critical density\§ of the secondary users
is defined as the infimum density of the secondary users to en-
sure connectivity under apositivedensity of the primary trans-
mitters; the critical density A%, of the primary transmitters
the supremum density of the primary transmitters to ensure
connectivity with a finite density of the secondary users).

We first establish three basic properties of the connegtiet
gion: contiguity, monotonicity of the boundary, and unigass of
the infinite connected component. Specifically, based omplow
argument, we show that the connectivity region is a contiguerea
bounded below by thas-axis and bounded above by a monoton-
ically increasing functiomp(As) (see Fig. 1), where the upper
boundaryAp-(As) is defined as

Apr(As) 2 sup{Apr : G(As, Apr) is connected.,

with G(As, Apr) denoting the secondary network of densky
overlaid with a primary network specified by the densityr of
the primary transmitters. The uniqueness of the infiniteneated
component is established based on the ergodic theory atalrcer
combinatorial results. It shows that once the secondamyarktis
connected, it is strongly connected.

We show that\s equals the critical densitk. of ahomogeneous
ad hoc networki(e., in the absence of primary users), which has
been well studied [11]. This result shows that the “takegibint

in the connectivity region is completely determined by tfiea of
proximity—the number of neighbors (nodes within the traissm
sion range of a secondary user).

Referred to as the critical density of the primary transenst
A% is the supremum density of the primary transmitters to ensur
the connectivity of the secondary network with a finite dgnef
the secondary users:

App 2 sup{Apr : IAg < 00 s.t.G(As, Apr) IS connected.

We obtain an upper bound ov},» which is shown to be achievable
in simulations. More importantly, this result shows thatemtthe
density of the primary transmitters is higher than the @hitalue
given by this upper bound, the secondary network cannot he co
nected no matter how dense it is. This paramater. thus charac-
terizes the impact of opportunity occurrence on the corivigcof

the secondary network: when the density of the primary tréins
ters is beyond a certain level, there are simply not enougbtagm
opportunities for any secondary network to be connected.

1.2 Impact of Transmission Power:

Proximity vs. Opportunity

Following the analytical characterizations of the conivétgtre-
gion, we study the impact of system design parameters, ticpar
lar, the transmission powex... of the secondary users on the con-
nectivity region. We reveal an interesting tradeoff betprxim-
ity and opportunity in the design of CR networks. As illustihin
Fig. 2, we show that increasing.. enlarges the connectivity region
C in the \s-axis (.e., better proximity leads to a smaller “takeoff”
point), but at the price of reducing in the Apr-axis. Specifi-
cally, with a largep:., few secondary users experience spectrum
opportunities due to their large interference range witipeet to
the primary users. This leads to a poor tolerance to the pyima
traffic load parameterized bypr.
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Figure 2: Simulated connectivity regions for two different

Second, we define and analyze two critical parameters of the transmission powers f;, denotes the transmission power of

connectivity region:As and A%.. They jointly specify the pro-
file as well as an outer bound on the connectivity region. Refe
to as the critical density of the secondary usaisjs the infimum

density of the secondary users to ensure connectivity umgesi-

tive density of the primary transmitters:

X5 2 inf{\s : INpr > 05.t.G(As, Apr) is connected.

secondary users, and the largep:, is 3¢ times the small p,
where « is the path-loss exponent).

The transmission powef;, of the secondary users should thus
be chosen according to the operating point of the CR netwiggng
by the density of the secondary users and the traffic loadeofoh
existing primary users. Using the tolerance to the primeatfic



load as the performance measure, we show that the intecferen

the communication channel€.,the presence of a spectrum oppor-

ranger; of the secondary users should be equal to the interferencetunity). The latter is determined by the transmitting anceieing

rangeR; of the primary users in order to maximize the upper bound
on the critical density\},,. of the primary transmitters. Given the
interference tolerance of both the primary and the secgnakars,
we can then design the optimal transmission powerof the sec-
ondary users based on that of the primary users.

1.3 Related Work

To our best knowledge, the connectivity of large-scale acl ho
CR networks has not been characterized analytically orrérpe-
tally in the literature. There are a number of classic resoit the
connectivity of homogeneous ad hoc networks. For examighesi
been shown that to ensure eitheconnectivity (there exists a path
between any pair of nodes) [6, 7, 13]/eiconnectivity (there exist
at leastk node-disjoint paths between any pair of nodes) [1], the
average number of neighbors of each node must increaseheith t
network size. On the other hand, to maintain a weaker coivaect
ity — p-connectivity {.e., the probability that any pair of nodes is
connected is at leagl), the average number of neighbors is only
required to be above a certain ‘magic number’ which does eet d
pend on the network size [12].

The theory of continuum percolation has been used by Datsse
al. in analyzing the connectivity of a homogeneous ad hoc nétwor
under the worst case mutual interference [2, 3]. In [9], thenec-
tivity and the transmission delay in a homogeneous ad haeanket
with statically or dynamically on-off links are investigat from a
percolation-based perspective.

The optimal power control in CR networks has been studied
in [16], which focuses on a single pair of secondary usersHnia-
son network of primary users. The impacts of secondary users
transmission power on the occurrence of spectrum oppdoani
and the reliability of opportunity detection are analyigaharac-
terized.

2. NETWORK MODEL

We consider a Poisson distributed secondary network aderla
with a Poisson distributed primary network in an infinite taie

mensional Euclidean space. The models of the primary and sec

ondary networks are specified in the following two subsestio

2.1 The Primary Network

The primary transmitters are distributed according to a divo
mensional Poisson point process with densiyr. To each pri-
mary transmitter, its receiver is uniformly distributedthin its
transmission rang&,. Here we have assumed that every primary
transmitter uses the same transmission power and the titidm
signal undergoes an isotropic path loss. Based on the desplent
theorem [8, Chapter 5], it is easy to see that the primaryivere
also form a two dimensional Poisson point process with dgnsi

Apr. Note that the two Poisson processes formed by the primary

transmitters and receivers are correlated.

2.2 The Secondary Network

The secondary users are distributed according to a two dimen
sional Poisson point process with densiy, independent of the
two Poisson processes of the primary transmitters andversei
The transmission range of the secondary users is denotegd by

2.2.1 Communication Links

activities in the primary network as described below.

As illustrated in Fig. 3, where we consider the disk signalpsr
agation and interference model, there exists an oppoytdirdm
A, the secondary transmitter, afj the secondary receiver, if the
transmission fromA does not interfere with nearbgrimary re-
ceiversin the solid circle, and the reception &tis not affected by
nearbyprimary transmittersn the dashed circle [17]. Referred to
as the interference range of the secondary (sths radiusr; of
the solid circle atA depends on the transmission powersdand
the interference tolerance of the primary receivers, wasethe ra-
dius R; of the dashed circle (the interference range of the primary
users) depends on the transmission power of the primary users and
the interference tolerance &f.
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Figure 3: Definition of spectrum opportunity.

It is clear from the above discussion that spectrum opp@rtun
ties depend on both transmitting and receiving activitiethe pri-
mary users. Furthermore, spectrum opportunitiesaaggnmetric
Specifically, a channel that is an opportunity whérs the trans-
mitter andB the receiver may not be an opportunity whens the
transmitter and4 the receiver. In other words, there exist unidirec-
tional communication links in the secondary network. Sineili-
rectional links are difficult to utilize in wireless netwarkl4], we
only consider bidirectional links in the secondary netwathien we
define connectivity. As a consequence, when we determinthehe
there exists a communication link between two secondamsuse
need to check the existence of spectrum opportunities mdicgc-
tions.

To summarize, under the disk signal propagation and interfe
ence model, there is a (bidirectional) link betweémand B if and
only if (i) the distance betweeA and B is at mostr); (ii) there ex-
ists a bidirectional spectrum opportunity betwe¢rand B, i.e.,
there are no primary transmitters within distari¢eof either A or
B and no primary receivers within distanceof either A or B.

“The interference range of the secondary users is definedeas th
maximum distance from a secondary transmitter to a primaey u
such that the interference of the secondary transmitteneti-
mary user is above the interference tolerance of the primseys.

By considering the definition of the interference tolergnee have
that as long as the primary receiver is not within the interiee
range of the secondary transmitter and it is within the traasion
range of the primary transmitter, the primary receiver aatess-
fully decode the message from the primary transmitter ndenat
the distance between the primary transmitter and the pyimear

In contrast to a homogeneous ad hoc network, the existence ofcejver.
a communication link between two secondary users depertds no 5The interference range of the primary users is defined sipiia

only on the distance between them but also on the avaibaloffit

the interference range of the secondary users.



2.2.2 Connectivity THEOREM 1. Basic Properties of Connectivity Region

We interpret the connectivity of the secondary network i@ th 1 1 The connectivity regiofis contiguous, that is, for any two
percolation sense: the secondary network is connectedri tx- points(As1, Apr1), (As2, Apr2) € C, there exists a contin-

ists an infinite connected component a.s. uous path irC connecting the two points
Based on the above conditions (i, ii) for the existence ofra-co
munication link, we can obtain an undirected random g@pts, Apr) T1.2 The lower boundary of the connectivity regims the \s-

corresponding to the secondary network, which is deterthime axis. LetApr(\s) denote the upper boundary of the con-
three Poisson point processes: the secondary users witlityden nectivity regiorC, i.e.,

As, the primary transmitters with density-7, and the primary re- A _

ceivers with density\ p (correlated to the process of the primary Apr(As) = sup{Apr : G(As, Apr) is connected,

transmitters). See Fig. 4 for an illustration & (\s, Apr). then we have that}--(\s) is monotonically increasing with

As.

T1.3 There exists either zero or one infinite connected coso
in G(As, Apr) @.s.

PROOFSKETCH. The proofs for T1.1 and T1.2 are based on the
coupling argument which is a technique frequently used itine
uum percolation [11, Section 2.2]. To prove T1.3, we firstslize
ergodicity of the random model driven by the three Poisson point
processes of the primary transmitters and the primaryvereand
Primary Tx the secondary users. L&t denote the (random) number of infinite
OPrimary Rx connected components §(As, Ap7), then it is obvious that the
® Secondary Use event{ K = k} is invariant under the group of shift transforma-
tions, for allk > 0. It follows from the ergodicity of the random
model that the event occurs with probabilityr 1. Consequently,
we have thatK is an constant a.s. Then it suffices to exclude the
rectional links denoted by solid lines. The solid circles de p055|blllty OfK > 2andK = co. The details of all the proofs can
note the interference regions of the primary transmitters wthin be found in [15]. [

which secondary users can not successfully receive, and the T1.1 and T1.2 specify the basic structure of the connegtieit

15
=

Figure 4: A realization of the CR network. The random graph
G(As, Apr) consists of all the secondary nodes and all the bidi-

dashed circles denpl'E‘g theh.rehquwed grotectlon rehglons f(;rr.te gion, as illustrated in Fig. 1. T1.3 implies the occurrenta phase
fprlmary receivers within which secondary users should refain transition phenomenon, that is, there exists either a eniifinite
rom transmitting. connected component a.s. or no infinite connected companent

This uniqueness of the infinite connected component alstbest

The question we aim to answer in this paper is the connectivit jigheg the strong connectivity of the secondary networlcedinis
of the secondary networke., the percolation i (As, Apr). connected, it is strongly connected.

3. ANALYTICAL CHARACTERIZATIONS 3.2 Critical Densities
OF THE CONNECTIVITY REGION In this subsection, we study the critical densities of tremadary
Given the transmission power and the interference tolerafic users and the primary transmitters.
both the primary and the secondary usérs.( Ry, R1,7p, andr; THEOREM 2. Critical Densities
are fixed), the connectivity of the secondary network depeord GivenR,, Ry, rp, andr;, we have
the density\s of the secondary users and the densigy of the
primary transmitters. We thus introduce the concept of eotivity T2.1 A5 = Ac(rp), Wherel.(rp) is the critical density for a con-
regionC of a CR network, which is defined as the set of density ventionallhomogeneous ad hoc network with transmission
pairs(As, Apr) under which the secondary netwafks, Apr) ranger, (i.e., in the absence of the primary network).
is connected. S Ae(1) ,
T22 X5 < FyePreyrome where the constani.(1) is the
max T,

A .
C={(As, Apr) : G(As, Apr) Is connected. critical density for a conventional homogeneous ad hoc net-

3.1 Basic Properties of the work with a unit transmission range.

Connectivity Region PROOFSKETCH. The basic idea of the proof for T2.1 is to ap-
proximate the secondary netwa@\s, Apr) by a discrete edge-
percolation model on the grid, and then apply a ‘Peierlsaent’ [5,
Chapter 1] to the discrete edge-percolation model. Thiwéiza-
tion technigue is often used to convert a continuum periaolat

We establish in Theorem 1 below three basic properties of the
connectivity region.

5The two Poisson point processes of the primary transmitteds A model is said to be ergodic if the group of shift transforimias

receivers are essentially a snap shot of the realizatiotiseopri- ésw : « € R?orZ?} acts ergodically on the probability space
mary transmitters and receivers. In different slots, déffe: sets of Q, F, 1) of the model, where the shift transformatifp is to shift
primary users become active transmitters/receivers.  vas if a the realizations € Q by . A group of transformation$S; : = €
secondary user is isolated at one time due to the absenceof sp R or Z%} is said to be act ergodically if the-algebra of events
trum opportunities, it may experience an opportunity atfiedént invariant under the whole group is trividle., any invariant event

time and be connected to other secondary users. has measure either zero or one.



model to a discrete site/edge percolation model (see[&lg Chap-
ter 3], [3]).

The proof for T2.2 is based on the argument that if there is an
infinite connected component in the secondary network, #ren
infinite vacant component must exist in the two Poisson Baole
models driven by primary transmitters and primary recsivee-
spectively. The key point is to carefully choose the radiithod
two Poisson Boolean models. The details of the two proofsbean
foundin [15]. O

Fig. 5 shows a simulation example of the connectivity region
where this upper bound appears to be achievable.
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Figure 5: Simulated connectivity regions whenr, 150m,
r; = 240m, R, = 100m, and R; = 120m. The blue dashed
line is the upper bound on the critical density of primary trans-
mitters.

4. IMPACT OF TRANSMISSION POWER:

PROXIMITY VS. OPPORTUNITY

In this section, we study the impact of the secondary usensst
mission power on the connectivity region. As has been iitust
in Fig. 2, there exists a tradeoff between proximity and oppo
nity. Specifically, increasing the transmission powgr of the sec-
ondary users leads to a smaller critical dengityof the secondary
users, but at the same time, a smaller critical densjty. of the
primary transmitters.

From the scaling relation of the critical density [11, Prsition
2.11], we know that in a homogeneous two dimensional network

Ae(rp) = Ae(1) (1) ™2 o (pra) "7

wherea is the path-loss exponent, aid(r,) is the critical density
for a homogeneous ad hoc network with transmission range
Thus, if each secondary user adopts a high transmissiorrpiwea
Ac(rp) reduces. It follows from T2.1 that the critical density
of the secondary users for connectivity reduces due to esldan
proximity (increased number of direct neighbors).

Using the tolerance to the primary traffic load as the perétoroe
measure, we address in the following theorem the problenowf h
to choose the transmission power of secondary users bagédton
of primary users in order to maximize the upper bound on the cr
ical densityA%, . of primary transmitters.

THEOREM 3. Letr; and R; denote the interference range of
the secondary and the primary users, respectively. For @ fixg
the upper bound on},,. given in T2.2 is maximized whep = R;.

PROOFSKETCH. Since under the disk signal propagation and
interference mod&) r, = Br; for someg € (0, 1), this theorem
can be proven by considering two cases:< R; andr; > Rj.
Details can be found in [15].

This theorem shows that in order to achieve the best toleranc
to the primary traffic in terms of connectivity, the seconydaet-
work should choose its transmission power such that itsfarte
ence range; is equal to the interference rangg of the primary
network. An example of the upper bound . is plotted as a func-
tion of 7 in Fig. 6.

30

N}
@

N
=)

-
3

=
o

Upper Bound for A}, (per km?)

a
T

rr =Ry =120m b

0 I I I I I I
50 100 150 200 250 300

rr (m)

350

Figure 6: An example of the upper bound for\}.- as a function
of r; (Parameters are given byR; = 120m, r, = 0.62577).

5. CONCLUSION

We have studied the connectivity of a large-scale cognitare
dio network in terms of the occurrence of the percolation-phe
nomenon. We have introduced the concept of connectivitioneg
to specify the dependency of connectivity on the densithefsec-
ondary users and the traffic load of the primary users. Bygusin
the coupling argument, the ergodic theory, and certain coatd-
rial results, we have shown three basic properties of thaexiv-
ity region: the contiguity, the monotonicity of the boungaand
the uniqueness of the infinite connected component. Fumibrey,
we have analytically characterized the critical densitythef sec-
ondary users and the critical density of the primary trattens;
they jointly specify the profile as well as an outer bound enabn-
nectivity region. By examining the impact of the secondasygrs’
transmission power on the connectivity region, we have demo
strated the tradeoff between proximity and spectrum oppdst
in the design of the optimal transmission power in cognitagio
networks.

8Since the minimum transmission power for successful rémept
is, in general, higher than the maximum allowable interfese

power, it follows that the transmission rangg of the secondary
users is smaller than the interference ramgeof the secondary
users. Furthermore, under the disk signal propagation rated- i

ference model, we hawg, = r; (0 < 8 < 1).
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